Incompressible nonlinearly hyperelastic materials are rarely simulated in finite element numerical experiments as being perfectly incompressible because of the numerical difficulties associated with globally satisfying this constraint. Most commercial finite element packages therefore assume that the material is slightly compressible. It is then further assumed that the corresponding strain-energy function can be decomposed additively into volumetric and deviatoric parts. We show that this decomposition is not physically realistic, especially for anisotropic materials, which are of particular interest for simulating the mechanical response of biological soft tissue. The most striking illustration of the shortcoming is that with this decomposition, an anisotropic cube under hydrostatic tension deforms into another cube instead of a hexahedron with non-parallel faces. Furthermore, commercial numerical codes require the specification of a 'compressibility parameter' (or 'penalty factor'), which arises naturally from the flawed additive decomposition of the strain-energy function. This parameter is often linked to a 'bulk modulus', although this notion makes no sense for anisotropic solids; we show that it is essentially an arbitrary parameter and that infinitesimal changes to it result in significant changes in the predicted stress response. This is illustrated with numerical simulations for biaxial tension experiments of arteries, where the magnitude of the stress response is found to change by several orders of magnitude when infinitesimal changes in 'Poisson's ratio' close to the perfect incompressibility limit of 1/2 are made.
Introduction
Biological systems inevitably involve complex geometries, microstructure and boundary conditions, and numerical simulations of the mechanical response of soft tissue are required in order to estimate the stress distribution. The finite element method is typically the preferred numerical method and, because of the complexity, commercial (such as ABAQUS, ANSYS, LS-DYNA, MSC.Nastran, etc.) or non-commercial (such as FEBio, CalculiX, etc.) formulations of this method are usually employed to predict the stress distribution for soft tissue. It is worth noting that Erdemir et al. (2012) report an almost exponential increase over the last 40 years in published studies utilizing finite element analysis as a research tool. This increased reliance on using computational models for analysis has been achieved mainly by rapid advances in non-invasive medical imaging such as computational tomography and magnetic resonance imaging being coupled with the use of computer software for automatically meshing complex anatomical structures and for solving large scale problems quickly. However, these rapid technological advances in imaging and computer engineering have not been matched by similarly rapid advances in experimental methods to characterize soft matter. Indeed, there is a dearth of accurate mechanical property data for soft biological tissue such as skin, muscle and neural tissue, and sufficiently detailed data are only recently beginning to be obtained (Ní Annaidh et al. 2012a,b; Rashid et al. 2012a,b) . As more sophisticated medical devices continue to be designed for implantation into soft tissue, and as computer assisted/guided surgery relies on increasingly sophisticated models for controlling the mechanical interaction between surgical instruments and soft tissue, the need to understand the behavior of incompressible nonlinearly hyperelastic materials is becoming increasingly urgent.
The deformations of biological, soft tissue are usually assumed to be accompanied by only infinitesimal volume changes due to the tissue's high water content (Vito and Dixon 2003) . However, there is no generally agreed method for modeling slightly compressible materials. The most popular approach, and that implemented in most commercial finite element codes, is to decompose the strain-energy function additively into volumetric and deviatoric parts, with the deviatoric part constructed in such a way that only isochoric deformations can be considered. A summary of this approach can be found, for example, in Ogden (1997) and also in Sect. 2 here. This decomposition has the advantage of having an innate intuitive appeal and, as importantly, is mathematically convenient. However, the physical basis for this assumption has rarely been tested. Exceptions include the work of Sansour (2008) and Horgan and Murphy (2009a) who proved that for isotropic materials, this decomposition is equivalent to assuming that the hydrostatic Cauchy stress is a function only of the invariant measuring volume change for every deformation (see Sect. 3). Following Sansour (2008), who proved the same result for orthotropic materials, it is shown in Sect. 4 that this result also holds for nonlinearly hyperelastic anisotropic materials with two preferred directions, the standard phenomenological model for large, elastic arteries. The consequences of this identity are then explored, with the conclusion being that the additive decomposition of strainenergy functions into volumetric and deviatoric parts in order to model slightly compressible materials is valid only for isotropic materials under hydrostatic tension/compression and is not appropriate for anisotropic materials. The limited experimental data available, due to Penn (1970), support this view. Therefore, finite element analyses that use the volumetric and deviatoric decomposition as a fundamental constitutive assumption are not based on good physics for anisotropic soft tissues and, consequently, the corresponding stress predictions must be viewed skeptically.
Even if one were to ignore our concerns about this decomposition and continue to use commercial finite element codes based on it, there is a serious practical problem associated with using these codes. Most codes assume that the hydrostatic stress is proportional to a function of the assumed infinitesimal volume change, but there is no guidance as to how the constant of proportionality should be chosen; in effect, it is an arbitrary parameter. Most commercial codes do provide a default value. For example, ABAQUS (Abaqus User's Manual 2012) assumes, without justification, the value κ/μ = 20 for its artery model, where κ is defined to be the bulk modulus, remembering that we dispute that this is welldefined for anisotropic materials, and μ is defined to be the largest value of the initial shear moduli among the different material directions. This value seems to have been directly imported from the isotropic formulation, where κ/μ = 20 corresponds to a Poisson's ratio ν of 0.475. Repeating this implicit identification of the anisotropic compressibility factor with its isotropic counterpart, we show here that for biaxial experiments on a nonlinear, homogenous material with two preferred directions introduced by Holzapfel (2000) and by Gasser et al. (2006) , there are significant variations in the predicted stress response as a result of variations in this arbitrary parameter induced by infinitesimal variations in Poisson's ratio, even for small strains (see Sect. 5). This is worrying for two reasons: first, there is the issue of reproducibility of numerical experiments, since many reported simulations do not reveal the value of the compressibility constant used. The more important and related second problem is that finite element predictions of stress based on additive decomposition must now be viewed even more skeptically in terms of their correspondence to reality because the experimental determination of this crucial parameter is hardly ever conducted. Thus, at the very best, only a qualitative estimate of the physical stress can be obtained and even this cannot be stated with much confidence, because the principal stresses for slightly compressible models are hyper-sensitive to variations in Poisson's ratio, see Sect. 6. This has potentially serious implications, in particular, for the numerical modeling of biological, soft tissue where finite element analysis is a basic tool.
Companies that sell finite element codes seem complacent when it comes to the issue of incompressibility. For example, the LS-DYNA manual states that for their MAT_SOFT_TISSUE model, used to represent transversely isotropic biological soft tissue, the bulk modulus K should be at least 3 orders of magnitude larger than C 1 [shear modulus] to ensure nearincompressible material behavior.
This would correspond to a Poisson's ratio between 0.4995 and 0.5. However, for the MAT_BLATZ-KO_RUBBER model, the manual states this one parameter material allows the modeling of nearly incompressible continuum rubber. The Poisson's ratio is fixed to 0.463. Thus, the bulk modulus here is only 13 times larger than the shear modulus. Similarly, the ABAQUS manual states that in applications where the material is not highly confined, the degree of compressibility is typically not crucial.
